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Thermal entanglement in a two-qubit Ising chain subjected to Dzialoshinski-Moriya
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Thermal entanglement of a two-qubit Ising chain subjected to an external magnetic field and
Dzialoshinski-Moriya (DM) interaction is examined. The effect of magnetic field, strength of DM
interaction and temperature are analyzed by adopting negativity of partial transpose as the measure
of entanglement. It is shown that when the DM interaction along the Ising axis is considerable,
thermal entanglement can be sustained for higher temperature. The usefulness of longitudinal DM
interaction over the one that is perpendicular to the Ising axis, in the manipulation and control of
entanglement at a feasible temperature, is illustrated.
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The study of thermal entanglement, the entanglement
in the thermal equilibrium state of a quantum system,
particularly quantum spin chains in solid state systems,
is known to provide a bridge between quantum infor-
mation processing and condensed matter physics [1–15].
The usefulness of entangled spin chains in thermal equi-
librium to the future realization of quantum comput-
ers [16] necessitates this potentially rich area of study.
In this context many authors have studied the entangle-
ment properties in both the ground and thermal states of
spin chains interacting through various Heisenberg inter-
action models such as XX , XY , XXZ and XY Z [2–6].
The study of thermal entanglement properties in solid
state systems with Ising like interaction subjected to an
external transverse magnetic field has also been carried
out quite extensively [7–10].
Dzialoshinski-Moriya (DM) interaction [17, 18], an
anisotropic and antisymmetric exchange interaction, aris-
ing due to spin orbit coupling is seen to enhance the
thermal and ground state entanglement of Heisenberg
spin chains [11–14]. The anisotropy and antisymmetry of
the interaction is evident through its form
→
D .[
→
S1 ×
→
S2]
[17, 18]. Thermal entanglement of a two-qutrit Ising sys-
tem subjected to a magnetic field and DM interaction,
both along the direction of Ising axis, is studied by C.
Akyu¨z et. al. [10]. Qin Meng et.al [13] have studied
the effect of DM interaction on a two-qubit Heisenberg
XY spin chain with transverse magnetic field and it re-
duces to the two-qubit Ising chain when the anisotropic
parameter is ±1. Very recently, there has been an ef-
fort to analyze the thermal entanglement in a two-qubit
Ising chain with inhomogeneous magnetic field and DM
interaction both along the Ising axis [15]. Despite these
studies [13, 15] leading to interesting results, there has
not been an explicit study on the effect of DM interaction
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on the thermal entanglement in a two-qubit Ising chain
with either a transverse or a longitudinal magnetic field.
The distinct roles of transverse or longitudinal magnetic
fields in a two-qubit Ising chain with DM interaction is an
interesting study in itself due to the importance of Ising
interaction. Towards this end, we examine the combined
effect of external magnetic field as well as DM interaction
on the variation of thermal entanglement in a two-qubit
Ising chain. We analyze both the Ising model with longi-
tudinal magnetic field, DM interaction and the transverse
Ising model with DM interaction being perpendicular to
the Ising direction and analyze the results.
The one dimensional Ising model describes a set of
linearly arranged spins, each interacting with its near-
est neighbors by a coupling which is proportional to
σˆx⊗ σˆx [7]. The two-qubit Ising chain subjected to mag-
netic field and DM interaction [17] both along the direc-
tion of the Ising axis is modelled by the Hamiltonian
Hˆ = 2J(σˆ1z · σˆ2z)+B(σˆ1z+ σˆ2z)+d(σˆ1x · σˆ2y− σˆ1y · σˆ2x).
(1)
The first term here represents the one dimensional Ising
interaction and σˆiα, i = 1, 2(α = x, y, z) are usual Pauli’s
spin operators. Here ’J ’ denotes the coupling constant
and the situations J > 0, J < 0 correspond respectively
to the antiferromagnetic and ferromagnetic cases. The
second term in Eq. (1) corresponds to the external uni-
form magnetic field ‘B’ to which the qubits are subjected
to and ’d’ stands for DM interaction parameter.
The eigenvalues of the Hamiltonian Hˆ are seen to be
λ1 = 2(J +B); λ2 = 2(J −B);
λ3 = −2(J − d); λ4 = −2(J + d); (2)
and the respective eigenvectors are
X1 = |00〉; X3 = |01〉 − i|10〉√
2
;
X2 = |11〉; X4 = |01〉+ i|10〉√
2
; (3)
2The eigenvectors X1, X2 belonging to the eigenvalues
λ1, 2 (that contain magnetic field B) are separable while
the eigenvectors X3, X4 belonging to λ3, 4 (that contain
the DM interaction parameter d) are maximally entan-
gled. Thus, it is readily seen that, without the DM inter-
action, there cannot be entanglement in the ground state
of the system.
The state of the physical system, described by the
Hamiltonian H , at thermal equilibrium is given by
ρ(T ) = e
−
H
kT
Z
where Z = Tr
[
e−
H
kT
]
is the partition func-
tion and k is Boltzmann’s constant. The entanglement
associated with the thermal state ρ(T ) is called thermal
entanglement [1].
In order to quantify the thermal entanglement associ-
ated with ρ(T ), we have used the well known measure of
entanglement namely negativity of partial transpose [19].
The negativity N(ρ) of a composite density matrix ρ is
equal to the sum of the absolute values of the negative
eigen values of the partially transposed density matrix
ρ⊥ and it measures the degree to which ρ⊥ fails to be
positive [19]. For a bipartite system, the partial trans-
pose [20], transposed with respect to the second subsys-
tem is given by (ρ⊥)mµ,nν = ρmν,nµ, where the Latin
indices refer to the first subsystem and the Greek indices
refer to the second subsystem. It was shown in [21] that
the positivity of the partial transpose(PPT) is a neces-
sary and sufficient condition for separability of bipartite
systems of dimensions 2×2 and 2×3. For higher dimen-
sions the PPT criterion is only a necessary condition for
separability. An unambiguous determination ofN(ρ) can
be done using the relationN(ρ) = ||ρ
⊥||−1
2
, where ||ρ⊥|| is
the trace norm of the partially transposed density matrix
ρ⊥.
Having defined the model and the corresponding ther-
mal state ρ(T ), we now wish to investigate the entangle-
ment in ρ(T ). The explicit form of the thermal density
matrix ρ(T ) is given by
ρ(T ) =


m1 0 0 0
0 m2 −in2 0
0 in2 m2 0
0 0 0 m4

 where (4)
m1 =
1
1 + e
4B
T + 2e
2(2J+B)
T cosh 2d
T
;
m2 =
e
2(2J+B)
T cosh 2d
T
1 + e
4B
T + 2e
2(2J+B)
T cosh 2d
T
;
n2 =
e
2(2J+B)
T sinh 2d
T
1 + e
4B
T + 2e
2(2J+B)
T cosh 2d
T
;
m4 =
e
4B
T
1 + e
4B
T + 2e
2(2J+B)
T cosh 2d
T
; (5)
We will now examine the dependence of negativity of
partial transpose N(ρ) of the thermal density matrix
ρ(T ) on the associated parameters J , B, d and T . As
the thermal density matrix ρ(T ) is of the form given in
Eq (4), it can be readily seen that the partially trans-
posed density matrix ρ(T )⊥, transposed with respect to
the second qubit, is given by
ρ(T )⊥ =


m1 0 0 −in2
0 m2 0 0
0 0 m2 0
in2 0 0 m4


where mi and nj are given in Eq. (5). The square root
of the eigen values of ρ(T )ρ(T )⊥ are given by
µ1,2 = m2
µ3,4 =
√
m2
1
+m2
4
+ 2n2
2
± (m1 +m4)
√
(m1 −m4)2 + 4n22
2
and we have the negativity of partial transpose N(ρ) to
be
N(ρ) =
(∑4
i=1 µi
)
− 1
2
. (6)
The maximum value of N(ρ) for a two-qubit state is 1/2.
The following graphs are effective to capture the de-
pendence of N(ρ) on the physical parameters T , B and
d. It can be seen through Figs. (1)–(3) that
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FIG. 1: Two dimensional plots showing the effect of magnetic
field on N(ρ). (J = 1.)
(1) An infinitesimal DM interaction also causes maxi-
mum entanglement at T = 0 and B = 0. The de-
structive role played by the longitudinal magnetic
field on N(ρ) is also readily seen(See Figs. 1(A),
1(B), 3(A), 3(B)).
(2) The range of temperature over which the thermal
entanglement persists increases with the increase in
DM interaction (See Fig. 1(A)).
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FIG. 2: Variation of N(ρ) with magnetic field for fixed d and
T (J = 1.)
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FIG. 3: Variation of N(ρ) with DM interaction parameter d
for fixed magnetic field B at different values of T (J = 1.)
(3) For any fixed non-zero value of d, there exists a
critical magnetic field above which the entangle-
ment vanishes. At T ≈ 0, the vanishing of N(ρ) is
quite sudden at the critical magnetic field B0 but
for higher values of T , N(ρ) decreases smoothly
and even extend beyond the critical magnetic field
B0(See Fig. 2(A)).
Instead of the longitudinal magnetic field, if we consider
a transverse external magnetic field and the DM interac-
tion perpendicular to the Ising interaction, the Hamilto-
nian of the system is given by
Hˆ = 2J(σˆ1x · σˆ2x)+B(σˆ1z+ σˆ2z)+d(σˆ1x · σˆ2y− σˆ1y · σˆ2x).
(7)
Here we have chosen the Ising axis to be the x-axis and
the magnetic field, DM interaction along z-axis. The
eigenvectors of Hˆ are seen to be
X1 = J |00〉+
(√
J2 +B2 −B
)
|11〉 ∈ 2
√
J2 +B2
X2 =
(
B −
√
J2 +B2
)
|00〉+ J |11〉 ∈ −2
√
J2 +B2
X3 = (J − id)|01〉+
√
J2 + d2 |10〉 ∈ 2
√
J2 + d2 (8)
X4 =
√
J2 + d2 |01〉 − (J − id)|10〉 ∈ −2
√
J2 + d2.
Here two of the eigenvalues depend on J and B while the
other two depend on J , d. All the eigenvectors are entan-
gled for non-zero values of B and d. This indicates that
the ground state of the system is entangled when either
B or d or both of them are non-zero. In order to see the
combined effect of B and d, we evaluate the thermal den-
sity matrix and the negativity of partial transpose, in the
same manner as is done for the case of longitudinal mag-
netic field. Choosing to denote the negativity of partial
transpose here as N⊥(ρ) (′⊥′ denoting the transversality
of magnetic field and DM interaction). The variation of
N⊥(ρ) with the parameters T , B and d are as shown in
the following figures.
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FIG. 4: Two dimensional plots showing the effect of trans-
verse magnetic field on N⊥(ρ). (J = 1.)
An interesting feature in the case of transverse mag-
netic field and DM interaction is the vanishing and re-
covery of entanglement at a particular value of magnetic
field, that depends both on temperature and strength of
DM interaction (See Figs. 5(A) and 5(B)). In particular,
at T = 0, N⊥(ρ) suddenly drops to zero from its max-
imum value at B = d. For T > 0, the vanishing and
recovery are not-so-sudden and they occur at B ≈ d+T .
It is to be noticed here that at any temperature there
is a threshold value of transverse magnetic field B that
helps (considerably so at low enough temperatures) the
thermal entanglement and a further increase in B will re-
duce the thermal entanglement. In contrast, an increase
in the DM interaction (both transverse and longitudinal)
always aids the thermal entanglement when there is no
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FIG. 5: Variation of N⊥(ρ) with transverse magnetic field
for fixed d and T (J = 1.)
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FIG. 6: Variation of N⊥(ρ) with DM interaction parameter
d for fixed magnetic field B at different values of T (J = 1.)
magnetic field. But an increase in the magnetic field re-
duces the effect of DM interaction (See Figs. 1 and 4) and
hence the thermal entanglement vanishes at B ≈ d+ T .
Even when the effect of DM interaction is nearly nulli-
fied due to magnetic field, the thermal entanglement still
persists due to the presence of transverse magnetic field.
That is, the thermal entanglement after vanishing recov-
ers back to its value that is due to transverse magnetic
field alone. (Such a recovery does not happen in the case
of longitudinal magnetic field because longitudinal mag-
netic field does not assist thermal entanglement). Fig. 7
below illustrates our point.
In both the models that we have considered, the sign
of the parameter d and that of the magnetic field B do
not affect the thermal entanglement. While the ther-
mal entanglement in transverse Ising model is known to
be symmetric over the magnetic field B [7], the ther-
mal entanglement in the presence of DM interaction in
Heisenberg XY model is shown to be independent of the
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FIG. 7: The competing behaviours of transverse magnetic
field and DM interaction (J = 1.)
sign of the DM interaction parameter d [13]. Thus, it
is not surprising that the thermal entanglement in the
more simpler Ising models that we have examined here
show symmetry in the DM interaction parameter d, in
addition to that of magnetic field B.
The role of transverse magnetic field in being able to
create thermal entanglement at lower temperatures, even
without DM interaction, can be readily seen through Fig.
6(B). Still, DM interaction is more beneficial for thermal
entanglement at higher temperatures and the transverse
magnetic field plays a destructive role, quite similar to
the longitudinal field, at higher temperatures. While a
longitudinal magnetic field cannot create thermal entan-
glement without DM interaction, a transverse magnetic
field can do so. When there is no magnetic field, a lon-
gitudinal DM interaction is seen to be more helpful than
the transverse DM interaction in the creation and con-
trol of thermal entanglement (See Figs. 1(A), 3(A), 4(A)
and 6(A)). Thus we can conclude that a pure longitudi-
nal DM interaction, without either a transverse or longi-
tudinal magnetic field, helps in creating and sustaining
thermal entanglement at reasonably high temperatures.
In this article, we have examined the nature of varia-
tion of thermal entanglement of a two-qubit Ising chain
kept in a magnetic field and subjected to Dzialoshinski-
Moriya (DM) interaction arising due to spin-orbit inter-
action. The situation in which the magnetic field and
DM interaction are along the Ising direction is analyzed.
It is shown that a pure DM interaction (without mag-
netic field) along the Ising axis can give rise to a thermal
entanglement and a larger value of the DM interaction
parameter is shown to result in a larger range of tem-
perature over which the entanglement persists. We have
also analyzed the situation in which the Ising chain is
subjected to a magnetic field and DM interaction, both
being perpendicular to the Ising direction. The longitu-
dinal DM interaction is found to be more beneficial than
the transverse DM interaction in sustaining the thermal
entanglement over a larger range of temperature. Both
the longitudinal and transverse magnetic fields do not
seem to aid the thermal entanglement at higher temper-
atures and a pure longitudinal DM interaction is thus
seen to be the right option for thermal entanglement in
one-dimensional Ising system with qubits. We conjecture
that these results are applicable to the pairwise entan-
5glement in an N -qubit Ising chain in the presence of DM interaction.
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